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Abstract 
Modelling of cable stayed bridges subjected to wind loading is considered in this paper. A geometrically nonlinear static analysis 
is performed, based on which cable pretensions and system mass and stiffness matrices are obtained. The extended Scanlan-Tomko 
relations that include vertical, torsional, and lateral degrees of freedom are considered for the self-excited forces. The rational 
function approach is used for obtaining flutter derivatives from available experimental data. A time domain approach is adopted, 
which yields modified mass, stiffness and damping modal matrices and also augmented (aerodynamic) states. The modal state-
space equations are thus obtained, and the eigenvalue problem solved to find the flutter speed and mode. 
© 2016 The Authors. Published by Elsevier Ltd. 
Peer-review under responsibility of the organizing committee of ICOVP 2015. 
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1. Introduction 
Modern long span cable-stayed bridges are very flexible and exhibit low damping, thus being very vulnerable to 
wind induced vibrations. Flutter is an instability due to self-excited forces resulting from wind-structure interactions. 
This may lead to catastrophic collapse of bridges and thus it becomes necessary to accurately determine the stability 
(wind speed) limit especially for very long span cable stayed bridges. Although it is a common practice to perform 
the flutter analysis in frequency domain, time domain assessment is more convenient, since structural as well as 
aerodynamic nonlinearities may be easily taken into account. Another advantage of this method is that flutter speed 
can be obtained without any iteration. A comparative study on different time domain modelling schemes of self-
excited forces can be found in [1]. In the present study, structural modelling of an experimental long span cable stayed 
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bridge [2] is done in ANSYS. The rational function approximation (RFA) originally developed by [3] and later 
successfully applied by [2, 4, 5, 6, 7, 8] is incorporated for multi-mode flutter analysis. Flutter speed is determined 
considering RFA of all the eighteen flutter derivatives (FDs). Problems encountered with the RFA are highlighted. 
2. Time domain flutter formulation 
2.1. Rational Function Approximation of unsteady aerodynamic Forces 
The semi-empirical linear unsteady model proposed in [9] and later extended to include the lateral sway degree of 
freedom, are quite popular among bridge engineers and has been applied extensively for flutter analysis of cable 
supported bridges. The final expressions for self-excited forces considering all the eighteen FDs are given as [10, 11, 
12] 
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where U =air density; U=wind velocity; B=bridge deck width;Z =circular frequency of oscillation; K=reduced 
frequency defined as UBZ ; dot indicates differentiation with respect to time t. )6.......1(,, ***  iAPH iii are non-
dimensional FDs obtained at discrete reduced frequencies from a scaled bridge deck section model test in a wind 
tunnel or using computational fluid dynamics. The Fourier transform of above equations leads to 
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where the overbars denotes Fourier transform of the respective parameter. In matrix notations 
 )()(ˆ)( ZZZ uFBFse   (3) 
 Here, )(ZseF and )(Zu  are the Fourier transform of the self-excited force vector and displacement vector, 
respectively. The time domain representation of self-excited forces can be obtained by applying inverse Fourier 
transform and convolution integral as shown by [4]. This results in the following equation 
 ³
f
f
 WWW dtt )()()( ufFse  (4) 
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where the matrix  33uf contains the aerodynamic impulse-response functions. Since the FDs are known only at 
discrete reduced frequencies, for the purpose of time domain formulation these derivatives must be approximated as 
a continuous function of reduced frequencies. The rational function approximation is incorporated in the present time 
domain flutter analysis. The form of rational function is given by 
 
 ¦
 

 ¹¸
·
©¨
§¹¸
·
©¨
§ 
N
l l
l bUBi
UBi
U
Bi
U
Bi
1
3
2
*
3
*
2
*
1)( Z
ZZZZ aaaaF  (5) 
where  Nlbb lll ....1,0and,,, * 3*3*2*1  taaaa  are the frequency independent coefficients and can be determined 
by curve fitting of the experimentally obtained FDs. The first and second term represent the non-circulatory static 
aerodynamics and the aerodynamic damping respectively; the third term represents the aerodynamic mass which is 
normally negligible and the rational terms account for the unsteadiness and nonlinearity in the flow. The s'lb
approximate a time delay in the model. Comparing real and imaginary terms in Eqs. (2) and (5), and conveniently 
writing in terms of reduced velocities ¸¸¹
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The coefficients in the above equations are obtained by minimizing the weighted square error J , defined as 
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where ii QP and ’s are the appropriate weightage given to each error term; m is the number of discrete points and 
*
1Hˆ is the fitted value of its corresponding experimental value 
*
1H . Similar expressions for other FDs can be obtained. 
From Eqs. (2) and (5) the self-excited forces on bridge deck section can be written as 
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In which )(Zv is the Fourier transform of ^ `Tttptht )()()()( D v . Taking inverse Fourier transform of Eq. 
(8) the self-excited forces in time domain can be expressed as 
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The self-excited forces given by the above equation are uniformly distributed per unit length of the bridge deck. 
Aeroelastic forces on towers and cables are neglected in the present study. Various finite element discretization 
procedure of aeroelastic forces can be found in [8]. Here, one half of the total forces acting on an element are lumped 
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at each of its ends, i.e. the element end force is, )(
2
)( t
L
t
end sese FF  where L = element length. Finally the global 
aeroelastic matrices )3.....,,2,1(  Njja  can be obtained by assembling the element aeroelastic matrices *ˆ ja . 
The dimension of s'ja will be  u 111 where, nnn degrees of freedom of the bridge deck. Hence the global self-
excited forces will take the following form 
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2.2. Modal equation of motion and state-space representation 
The equations of motion for the bridge subjected to self-excited forces can be written as 
 )()()()( tttt gseFKXXCXM     (11) 
where KCM and, are the structural mass, damping and stiffness matrices respectively. For modal transformation 
let, 
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where ),,( zyxjI is the j-th mode shape and )(tq j is the j-th principle coordinate;  n number of modes selected
 1nn d . From Eqs. (11) and (12) one obtains the modal equations as, 
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where mmm KC,M and are the modal mass, damping and stiffness matrices respectively. The modal aeroelastic 
matrices are given as follows 
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Consider augmented coordinates l,suq , which are known as aerodynamic states, defined as 
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Differentiating with t, we obtain 
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Hence, evaluation of the convolution integral is avoided, since it is handled through the introduction of the 
aerodynamic states. Now Eq. (13) can be rewritten as 
 
 0QqqKqCqM summm   )()()()( tttt   (18) 
3mm2mm1mm AKK,ACCAMM    ,where are the aerodynamically modified mass, damping 
and stiffness matrices respectively. > @III,Q ,......., , where I is the identity matrix of size nn u and there will be 
N number of such matrix in Q. Eqs. (18) and (17) can be written in the following state-space form 
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i.e. AYY    (20) 
where A is called the state matrix of the coupled structure-aeroelastic system. 
2.3. Eigen value analysis and determination of flutter speed 
The critical flutter speed can be obtained by performing the eigenvalue analysis of the state matrix A at incremental 
wind speed. For a typical complex conjugate pair of eigenvalue 
 
 1;1 2  r jjs iiiii [Z[Z  (21) 
The corresponding frequency of oscillation and the logarithmic decrement can be obtained from the following 
relationships 
 ^ ` ^ `22 )Im()Re( iii ss  Z  (22a) 
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It is well known that the system given by Eq. (20) is stable if and only if all the eigenvalues of matrix A have 
negative real parts. At a certain wind speed either one pair of complex conjugate eigenvalue become purely imaginary 
(which is referred to as flutter condition) or one real eigenvalue becomes zero (referred to as divergent instability), 
which defines the stability limit [4]. However, static divergence occur when the frequency (imaginary part of the 
eigenvalue) is zero and thus the corresponding reduced critical velocity is infinite. Most commonly the FDs are only 
known for a narrow reduced velocity range, which means the critical velocity with respect to static divergence is very 
unreliable if RFA is used in the aeroelastic force modelling. Therefore Quasi-steady theory can be invoked to check 
the divergence speed. 
3. Numerical analysis and results 
3.1. FE Modelling of cable stayed bridge 
In the present study the cable stayed bridge is taken from [2] and remodeled using ANSYS. The total length of the 
bridge is 1770 m having a central span of 1020 m and two side spans of 375 m each. It has two inverted Y-shaped 
towers 223 m high above the deck level. A biplanes cable arrangement is provided between the deck and the towers. 
A schematic representation of the bridge is shown in Fig. 1. More details of the bridge can be found in [2]. 
 
Fig. 1. Schematic view of the long span cable stayed bridge [2]. 
The deck is continuous over the supports and it is idealized as double girder model. Two lines of longitudinal 
girders are placed 24.5 m apart and they are connected with cross girders at longitudinal spacing of 15 m and 20 m on 
side spans and main span respectively (Fig.2). 
 
 
Fig. 2. Schematic representation of longitudinal and cross girders on the deck [2]. 
In ANSYS, BEAM 188 is used to model both the longitudinal and cross-beams as well as the Pylon. Each cable is 
considered as a single element and modelled using LINK 180 element. Thus cable-deck interaction is ignored and 
cable vibration modes are precluded. Both these elements automatically includes stress-stiffening effect in any large 
deflection analysis done by setting NLGEOM, ON. Pretension in the cables are provided as initial stress through 
INISTATE command. The amount of initial stress to be provided in each cable are decided through trial and error 
method so that static equilibrium configuration under dead load approximately represent the desired final profile 
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having approximately 1.5% longitudinal camber. The three dimensional finite element model consists of 596 elements 
and 292 nodes with a total of 1710 degrees of freedom. 
3.2. Modal analysis 
 After developing the complete finite element model of the cable stayed bridge, the nonlinear static analysis is 
performed. This is achieved through the command NLGEOM, ON (turn on geometric nonlinear analysis). In ANSYS 
pre-stressed modal analysis is done by first performing the nonlinear static analysis followed by the perturbation modal 
analysis. Table 1 shows the first 10 natural frequencies. The first six mode shapes are shown in Fig. 3. 
 
        Table 1. First 10 natural frequencies. 
Mode No Frequency (Hz) Mode No Frequency (Hz) 
1 0.1419 6 0.3034 
2 0.1882 7 0.3124 
3 0.2132 8 0.3303 
4 0.2203 9 0.3320 
5 0.2563 10 0.3396 
 
 
 
Mode 1: 1st Lateral Symmetric Mode 2: 1st Vertical Symmetric 
 
 
Mode 3: 1st Torsional Symmetric Mode 4: 1st Vertical Anti-Symmetric 
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Mode 5: 1st Torsional Anti-Symmetric Mode 6: 2nd  Torsional Symmetric 
Fig. 3. Natural mode shapes of the cable stayed bridge 
For aerodynamic analysis, the mass and stiffness matrices are extracted from ANSYS. Since the aerodynamic 
stability analysis is performed for the bridge deck only, therefore the deck nodes are selected as the master nodes. The 
number of selected master nodes on the bridge deck is 198 (excluding the nodes at the supports) and the size of M  
and K  are of 1188 x 1188. 
3.3. Multimode flutter analysis 
3.3.1. Formulation of state matrix A  
For the present study experimentally determined eighteen FDs at discrete reduced velocities are taken from [2]. 
The coefficients matrices ( 3....,,2,1,*  Njja ) of RFA are obtained by minimizing the objective function (Eq. 
7) using fminsearch command in MATLAB. It is a multidimensional unconstrained minimization technique that uses 
Nelder-Mead simplex method. The number of rational terms in RFA is taken as 4 i.e. 4 N and values of lag 
parameters )4,3,2,1(  lbl are chosen as  7,5,2,5.0 4321     bbbb  for all the FDs, in order to reduce the 
number of aerodynamic states [2]. Rational function approximated FDs are plotted along with their experimental 
values in Fig. 4. From free vibration analysis first 100 frequencies and mode shapes are selected. A constant modal 
damping ratio %5.1 [  is chosen. Hence, the modal damping matrix mC can be written as,
)2(diag jj
T M[Z  CΦΦCm  where  jZ  j-th natural frequency and  jM j-th modal mass. The mass 
density of air is taken as 1.225 3kg/m . Following the procedure described in section 2, the modal aeroelastic matrices 
)3,,2,1(  Njj !A  and subsequently the aeroelastically modified mass, damping and stiffness matrices 
)( mmm K,C,M are obtained. The state matrix A obtained is of size 600 x 600. 
3.3.2. Eigenvalue analysis results and discussion 
Eigenvalue analysis of the state matrix has been performed at an incremental wind speed of 0.1 m/s. At a wind 
speed of 21.9 m/s the first eigenvalue to move to the right half complex plane is real, indicating a static divergence 
instability. However, using quasi-steady theory [13], it has been verified that no divergence occurs until 175 m/s, and 
thus we conclude that 21.9 m/s is not the divergence speed.  
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(a) Vertical flutter derivatives )6,,1(
* !! iiH           (b) Lateral flutter derivatives )6,,1(
* !! iiP
 
(c)Torsional flutter derivatives )6,,1(
* !! iiA  
Fig. 4. Rational function approximated flutter derivatives compared with experimentally obtained ones. 
At 22.2 m/s the real part of a pair of complex conjugate eigenvalues becomes positive, thus indicating flutter 
instability. The corresponding frequency (flutter frequency) is 0.1980 Hz. The plots of frequency vs. wind speed 
)vs.( Uf and logarithmic decrement vs. wind speed )vs.( UG for first four modes are plotted in Fig. 5. From these 
figures the following remarks can be drawn 
1. For mode-2, G  becomes zero at wind speed U=22.2 m/s, thus indicating flutter in mode 2 which is the first 
vertical symmetric mode. 
2. The value of f for mode-2 at this speed is 0.1980 Hz as seen from Fig. 5b. This is the flutter frequency. 
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3. It is evident from Fig. 5b that mode-1 has a strong tendency to couple with mode-2 beyond the wind speed 
of 20 m/s. Here the flutter mode shape is found to be a combination of mode-1 (lateral) and mode-2 (vertical). 
         
(a)                        (b) 
Fig. 5. (a) Logarithmic decrement vs. wind speed; (b) frequency vs. wind speed. 
4. Conclusions 
From the present time domain flutter analysis the following conclusions can be drawn 
1. Multi-mode flutter analysis in time domain using RFA is an efficient way of determining the flutter speed. 
2. However, RFA of some FDs (e.g. *3
*
5
*
3
*
2
*
6
*
5
*
4 ,,,,,, APPPHHH ) are found to be not satisfactory. The reason 
is due to highly scattered experimental data and also due to identical lag terms used for all pairs of FDs. Since 
the fitting is done for a pair of derivatives (e.g. ), *6
*
5
*
4
*
1 PPHH   which share some common coefficients
)].....,,2,1(,[ 3 Nlbll  a , sometimes it is not possible to get good fitting of both the FDs for a particular 
pair. Therefore it is suggested to optimize the values of lag terms individually for each pair of FDs. However 
that would lead to additional aerodynamic states. 
3. As the critical velocity with respect to static divergence is very unreliable when RFA is used in the aeroelastic 
force modelling, therefore Quasi-steady theory can be invoked to check the divergence speed. 
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